The critical phenomena in a one-dimensional periodic stratified medium with time-varying dielectric permittivity functions are theoretically investigated for both TM and TE waves by solving the time-dependent electric displacement equation and the magnetic field equation, respectively. It is found that there exists a critical value of the varying amplitude when the dielectric permittivity function is changing with time. When the varying amplitude is below or at the critical value, the periodic structure can reflect an incident plane wave into a periodic femtosecond pulse train with respect to time. On the other hand, when the varying amplitude is much above the critical value, the reflectivity is descending more rapidly with time, which means that, at one moment, the incident light is transmitted thoroughly and the periodic structure is becoming transparent. The effect of the layer number on the reflectivity is also presented. Especially at the critical value, the pulse train generated is periodic with almost 100% peaks and zero troughs for both TM and TE waves when the layer number is up to 11. These interesting conclusions could find potential realistic applications in the future.
INTRODUCTION
The propagation of electromagnetic radiation in periodic media exhibits many interesting and potentially useful phenomena. Early in 1887, Lord Rayleigh [1] determined that wave behavior within periodic media in a one-dimensional linear problem is described by Hill's equation. For a periodic structure, the Floquet theorem [2] gives us the form of a Hill's equation solution. In 1950, Abelès [3] proposed the translation matrix method to study periodic layered media. Later, this method was employed to analyze periodic anisotropic materials [4, 5] . Furthermore, Yariv and co-workers [6, 7] developed a general theory for electromagnetic propagation in periodic layered media and discussed some general properties of propagation in periodic media. Peng [8] presented a rigorous formulation for the scattering of a uniform plane wave by an infinite dielectric grating waveguide under the general case of oblique incidence. A numerical simulation approach, i.e., the finite-difference time-domain method together with an efficient, real-time mode extraction technique, was also applied for investigating the interaction of optical pulses with complex waveguide geometries [9] . It is clear that microstructures of composite materials can exhibit properties significantly different from their individual constitution.
Recently, a rigorous analytical approach for investigating a stratified medium with an arbitrary finite number of homogeneous isotropic layers in a period was developed [10] , and the theory of second-order coherence in connection with wave propagation through a stratified N-layer medium was also presented [11] . In addition, a rigorous integral equation formulation in conjunction with Green's function theory was used to analyze the waveguiding and coupling phenomena in nonsymmetric grating slab waveguides [12] .
It would seem that all aspects of the periodic-isotropicstructure theory have been studied. However, to our knowledge, all of the above studies were treated using the stationary wave equation and there is no rigorous analytical examination of stratified media with time-varying dielectric permittivity functions.
The dynamic properties for the transmitted or reflected optical signals are in principle described by the time-dependent Maxwell equations, which leads to modified forms of the Schrödinger equations [13] . The discrepancy between the time-dependent wave equation and the stationary one was pointed out [14, 15] , and it was said [16] that the stationary solutions become irresponsive to time-dependent perturbation for gains above a certain threshold for coherent laser action.
Recently, ultrafast pulse sources have been very attractive for future high-capacity optical communication systems as well as ultrafast data processing. Modulational instability (MI) in fibers provides a natural means of generating ultrashort pulses at ultrahigh repetition rates [17] [18] [19] . MI is a process in which a weak periodic perturbation of a uniform, intense carrier wave grows exponentially as a result of the interplay between dispersion and nonlinear. Seo et al. [20] reported 500 GHz continuous pulse train generation at 1545 nm from an 11:9 GHz repetition-rate short-pulse source by use of the arrayed waveguide grating approach as a repetition-rate multiplier. In addition, Wright and Cobbold [21, 22] investigated the acoustic wave transmission through onedimensional and two-dimensional time-varying phononic crystals based on the transmission matrix method and the multiple scattering method, respectively. Wu et al. also briefly presented modulational transparency and femtosecond pulse train phenomena only for TM waves in Bragg reflectors with time-varying dielectric constants [23] .
In this paper, novel critical phenomena due to the timevarying dielectric permittivity functions in a one-dimensional periodic stratified medium for both TM and TE waves are theoretically investigated by solving the time-dependent electric displacement equation and the magnetic field equation, respectively. Based on the well-known translation matrix method, the analytical theory is described in Section 2, in which the time-dependent reflectivity expression of an Nlayered medium is derived. The detailed derivation of the governing equations for TM and TE waves in the one-dimensional periodic system is given in Appendices A and B, respectively. In Section 3, some results are analyzed. The conclusions are given in Section 4. Figure 1 shows a periodic layered medium with N unit cells. The stratified medium consists of alternating layers of different indices of refraction, n 2 (0 < y < b) and n 1 (b < y < Λ), with the period Λ ¼ a þ b. Here the dielectric permittivity function of this composite system is time and position dependent, which is denoted by ε r ðy; tÞ. The dielectric permittivity function could be modulated by time-dependent strong light illuminating the composite system.
THEORETICAL ANALYSIS
In the case of H polarization (TM waves), we can obtain the following equation satisfied by the electric displacement D y :
where β x is the x component of the wave propagation vector, and remains constant throughout the medium, and c is the light velocity. The detailed derivation for Eq. (1) is shown in Appendix A. By use of the classical separation of variables method, it is assumed that the electric displacement D y ðy; tÞ and the dielectric permittivity function ε r ðy; tÞ within each homogeneous layer can be expressed as
ε r ðy; tÞ ¼ ε r1 ðyÞ · ε r2 ðtÞ: ð3Þ
By separation of variables, it is found that, for 0 < y < b and b < y < Λ,
where k is a constant introduced during the separation of the variables and ω ¼ ck. In the following text, it should be indicated that the harmonic time dependency e iωt is adopted. Here the function 1=ε r2 ðtÞ can be expanded into the following Fourier cosine series:
where b n is the expansion coefficient assumed to satisfy that b −n ¼ b n and θ 0 is the initial phase. In this case, Eq. (5) is a Hill equation [24] whose solution can be assumed in the Floquet form as D y2 ðtÞ ¼ expðiνωtÞ
where ν is the characteristic exponent, and c n is the coefficient to be determined. Substituting Eq. (7) into Eq. (5) and considering that b −n ¼ b n , a system of simultaneous equations for the coefficients c n is obtained:
In order to ensure that the above equations are solvable, dividing Eq. (8) by b 0 − ðν þ 2nÞ 2 gives
where
Because both the product of the principal diagonal elements and the sum of the off-diagonal elements of the matrix B converge absolutely, the infinite determinant jBj is absolutely and uniformly convergent except for the points v ¼ AE ffiffiffiffi ffi b 0 p − 2nðn ¼ 0; AE1; Á Á ÁÞ. Then the condition of the existence of solutions for Eq. (9) is that
from which the characteristic exponent ν of the Floquet Solution (7) can be determined. It is seen that ΔðνÞ is an even function of ν with period 2, and possesses the same poles as the even function cot Hence there exists a constant K by which we could restructure a function that has no singularities in the whole ν plane, such that [24] 
Because of its periodicity, DðνÞ is bounded when jνj → ∞. Thus, according to Liouville's theorem, DðνÞ has to be a constant. Let ImðνÞ → þ∞, then DðνÞ ¼ 1. Putting ν ¼ 0, we can obtain that
Substituting Eq. (12) into Eq. (11), after some manipulation, Eq. (10) for the characteristic exponents could be reduced to the simple formula
Then the coefficients c n of Solution (7) can be obtained from Eq. (8) .
From the form of Floquet Solution (7), it is seen that the solution is conserved and durable only for real characteristic exponent ν. If j sinðνπ=2Þj > 1, ν must be a complex number. Since the negative imaginary part of the characteristic exponent ν leads to an increase in the reflectivity as time goes on, it is unrealizable in physics. Thus, the positive imaginary part of the exponent ν is only taken for the calculation, which corresponds to the evanescent solution with ωt.
Therefore, the electric displacement distribution in the same layer α (α ¼ 1, 2) of the sth unit cell can be written as 
Owing to the continuous conditions of the interface between layers 1 and 2 in the unit cell, there is D By use of the transfer matrix method [6, 7] , the total reflectivity coefficient of the N-period Bragg reflector with timevarying dielectric permittivity functions, which is defined as the time-varying intensity of a reflected wave by the N-period Bragg reflector relative to an incident plane wave, can be obtained as
In the case of E polarization (TE waves), the following equation satisfied by the magnetic component H y is derived (the detailed derivation can be found in Appendix B): 
The characteristic exponent ν 1 can be derived from the following formula: 
Therefore, the reflectivity for the time-dependent N-period Bragg reflector for TE waves can be obtained as
RESULTS AND DISCUSSION
In this section, the reflectivity for the time-dependent Nperiod Bragg reflector for TM and TE waves will be calculated according to Eqs. (16) and (24), respectively. According to the governing Eqs. (5) and (20), 1=ε r2 ðtÞ will be used for TM waves and ε r2 ðtÞ will be used for TE waves. For TM waves, the time-varying parts of the dielectric permittivity functions of the stratified periodic medium can be supposed in the form of 1=ε r2 ðωtÞ ¼ a 0 þ a 1 cosð2ωtÞ, where a 0 denotes the mean value and a 1 is the variable amplitude, as shown in Fig. 2 .
From Eqs. (7) and (21), the characteristic exponents ν and ν 1 that can be determined by Eqs. (13) and (23), respectively, are very important to the final solutions. In order to describe the relationship between the characteristic exponent and the time-varying parts of the dielectric permittivity functions, Fig. 3 shows the characteristic exponent ν via the parameter a 1 in the case of a 0 ¼ 0:8 for a TM wave as an example. It can be seen that there is a critical value of a 1 ¼ 0:39, due to the nonlinear solution in Eq. (13) . Below this value, the imaginary part of ν is zero, and above the value, the real part of ν is 1 and the imaginary part has two symmetric cases, positive and negative, which correspond to the absorption and amplification of the reflectivity, respectively. For the physical realization, the negative branch is neglected. Thus, for the different mean value a 0 , we can obtain the corresponding critical value of the variable amplitude a 1 . Figure 4 shows the different critical values of a 1 varying with the parameter a 0 . When a 0 is increased from 0.7 to 1.0, the critical value of a 1 is linearly 
In the special case of a 0 ¼ 1:0, the critical value of a 1 is 0, and ε r2 ðtÞ ¼ 1, in which the time-varying dielectric constant is like a vacuum and any time-varying perturbation could cause the transparency phenomenon. Here an important conclusion can be obtained: when the varying amplitude of the dielectric permittivity function is modulated above this critical line, the reflectivity of the system is to be evanescent and instant, which means that the medium would become transparent to the incident light after a short period of evanescence.
For the periodic system made up of two alternating layers with different dielectric permittivity functions, as shown in Fig. 1, the time-varying Figure 5 shows the real-time reflectivity spectrum of a 15-period Bragg reflector for TM waves at the angle of incidence θ ¼ 65 (deg) 
1 is above the critical values, the wave reflectivity is suppressed as if the system is becoming transmissive. The higher above the critical values, the bigger this transmissive effect is. In this case, the reflectivity is instant and rapidly evanescent, which means that the stratified structure is becoming transparent since the incident light goes through it totally.
In addition, TE waves exhibit the same critical phenomena as TM waves. For TE waves, the time-varying part of the dielectric permittivity function can be supposed as ε r2 ðωtÞ ¼ a 0 0 þ a 0 1 cosð2ωtÞ, and the characteristic exponent ν 1 varies with the parameters a 0 0 and a 0 1 . When a 0 0 ¼ 0:8, ν 1 appears as a branch at a 0 1 ¼ 0:387, which means a critical value of a 0 1 in this case. Actually, the critical values of a 0 1 reveal a descending linear relationship with changing a 0 0 . The timedependent reflectivity of TE waves shows the different throughputs depending on the critical values, which is the same as the results in Fig. 6 .
The origin of the phenomena presented above is the critical varying amplitude of the time-varying parts of the dielectric permittivity functions of the stratified periodic medium. The critical phenomena are obviously dependent on the shape of the time dependency of the dielectric permittivity functions. Although only a simple harmonic variation is considered in this paper, the analysis process is similar to the general time-dependent variation. These very interesting phenomena could find some realistic applications in the near future.
CONCLUSIONS
The time-dependent electric displacement equation and the magnetic field equation for one-dimensional periodic stratified media are derived for TM waves and TE waves, respectively. When the dielectric permittivity function is changing with time, there exists a critical value of the varying amplitude and, therefore, the critical phenomena are put forward. When the varying amplitude is below or at the critical value, the periodic structure can reflect an incident plane wave into a periodic femtosecond pulse train with respect to time. When the varying amplitude is more above the critical value, the reflectivity is descending more rapidly with time, which means that, at one moment, the incident light is transmitted thoroughly and the periodic structure is becoming transparent. The investigation on the layer numbers reveals that the reflectivity is becoming saturated at the critical value when the layer number is up to 11. These conclusions are interesting, and could find potential realistic applications in the future.
APPENDIX A
According to Maxwell's equations, for a one-dimensional structure, there are 
